Abstract. We present a new approach to analysing finite graphs which admit a vertex intransitive group of automorphisms G and are either locally (G, s)-arc transitive for s ≥ 2 or G-locally primitive. Such graphs are bipartite with the two parts of the bipartition being the orbits of G. Given a normal subgroup N which is intransitive on both parts of the bipartition, we show that taking quotients with respect to the orbits of N preserves both local primitivity and local s-arc transitivity and leads us to study graphs where G acts faithfully on both orbits and quasiprimitively on at least one. We determine the possible quasiprimitive types for G in these two cases and give new constructions of examples for each possible type. The analysis raises several open problems which are discussed in the final section.
Introduction
Let Γ be a connected graph with vertex set V Γ, edge set EΓ and adjacency denoted by ∼. Given G Aut(Γ) we call Γ locally (G, s)-arc transitive if Γ contains an s-arc and given any two s-arcs α and β starting at the same vertex v, there exists an element g ∈ G v mapping α to β. We say Γ is locally s-arc transitive if it is locally (G, s)-arc transitive for some G Aut(Γ). If all vertices in Γ have valency at least two, local (G, s)-arc transitivity implies local (G, s − 1)-arc transitivity. We concentrate on the case where s ≥ 2 as local 1-arc transitivity is equivalent to edge transitivity, a far more general class of graphs.
Locally s-arc transitive graphs are intimately linked to many areas of mathematics. A locally s-arc transitive graph of girth g with at least one vertex of valency greater than two satisfies s ≤ (g + 2)/2. (The girth of Γ is the smallest integer g such that Γ contains a cycle of length g.) When equality holds, various interrelated objects arise such as generalised (s − 1)-gons, groups with a (B, N )-pair of rank two, Moufang polygons and Tutte's m-cages. These connections are explained in more detail in [33] . Locally s-arc transitive graphs also arose in the work of Delgado and Stellmacher in [6] on weak (B, N )-pairs of rank two. Other interesting examples arise naturally from incidence graphs of various structures, for example the points and lines of an affine space (Example 4.2) or the vertices and maximal cliques of a Hamming graph (Example 4.3). 
Moreover, if Γ is locally (G, s)-arc transitive, then Γ N is locally (G/N, s)-arc transitive. In fact, every star occurs as a normal quotient of some locally 3-arc transitive graph.
This suggests that to investigate locally (G, s)-arc transitive graphs we should concentrate on three problems: determining such graphs where G acts quasiprimitively on both of its orbits, determining such graphs where G acts quasiprimitively on only one of its orbits, and investigating locally s-arc transitive covers of these two types of graphs and of complete bipartite graphs. A similar result for the case where Γ is locally s-arc transitive for s ≥ 4 and valency at least three was obtained in [17] , but the situation is different there, as the stars and complete bipartite graphs do not occur. See also Lemma 5.6. Now Aut(Γ) may or may not act transitively on the vertices of Γ. Hence Γ is not necessarily regular and G may act differently on each of its orbits. We say that G is of type {X, Y } if G acts quasiprimitively of type X on one G-orbit and quasiprimitively of type Y on the other G-orbit, where the types X and Y refer to quasiprimitive types as described in Section 2. Often when X = Y , we will relax notation and say that G is of type X. The following theorem determines the possibilities for the type of G and shows that the two actions of G are usually of the same type. Examples of locally (G, s)-arc transitive graphs where G is quasiprimitive of type HA, TW, AS and PA will be provided in Lemma 3.3 while Example 4.1 gives examples where G is of type {SD, PA}. Examples of G-locally primitive graphs of the remaining possible types can be found in Example 6.6. Note that Theorem 1.2 corresponds closely to the result in [23] that for a (G, s)-arc transitive, nonbipartite graph where G acts on vertices quasiprimitively, G has quasiprimitive type HA, TW, AS or PA [23] . If G is of quasiprimitive type HA on both of its orbits, Γ was shown to be vertex transitive in [15, Lemma 3.2] and this situation is discussed in [16] . When G acts quasiprimitively on only one orbit we have the following theorem.
Theorem 1.3. Let Γ be a finite locally (G, s)-arc transitive connected graph with
s ≥ 2 such that G acts faithfully on both of its orbits ∆ 1 and ∆ 2 but only acts quasiprimitively on ∆ 1 . Then the quasiprimitive action of G on ∆ 1 is of type HA, HS, AS, PA or TW, and examples exist for each of these types.
We provide examples for each of the five possibilities in Section 4. For the more general class of G-locally primitive graphs, the quasiprimitive action on ∆ 1 may be of the three remaining types as seen in Example 7.2.
In Section 3, we give some general constructions of edge transitive graphs and in particular we characterise locally s-arc transitive graphs having a vertex of valency two and show that for such graphs s ≤ 13 (see Theorem 3.10 and Corollary 3.13). We provide examples in Section 4 verifying our claims about the existence of locally (G, s)-arc transitive graphs with G quasiprimitive of various types. Section 5 is devoted to the proof of Theorem 1.1, Section 6 to the proof of Theorem 1.2 and Section 7 for Theorem 1.3. Finally in Section 8 we discuss some open problems and future directions arising from this work.
Quasiprimitive groups
Recall that a transitive permutation group G on a set Ω is called quasiprimitive if every nontrivial normal subgroup of G acts transitively on Ω. This is a generalisation of primitivity as every normal subgroup of a primitive group is transitive, but there exist quasiprimitive groups which are not primitive. The third author [23] generalised the O'Nan-Scott Theorem for primitive groups to quasiprimitive groups and showed that a finite quasiprimitive group is one of eight types. We now provide a description of these types along the lines of that in [24] . Throughout, T will be a finite nonabelian simple group.
The first three types of quasiprimitive groups are subgroups of the holomorph Hol(N ) of a certain group N . This is defined as the semidirect product Hol(N ) = N. Aut(N ) acting on Ω = N where, for all n ∈ N and σ ∈ Aut(N ),
Thus the group N is normal in Hol(N ) and acts regularly by right multiplication. The first quasiprimitive type is HA, and all groups of this type are in fact primitive. This class consists of all quasiprimitive groups with an elementary abelian minimal normal subgroup. Such groups are subgroups of AGL(d, p), for some prime p and positive integer d, acting on the points of the affine space AG (d, p) .
The next type of quasiprimitive group is HS. Groups of this type are subgroups of the holomorph Hol(T ) = T. Aut(T ) containing T. Inn(T ) and acting on Ω = T as above. Such groups have two minimal normal subgroups, both of which are isomorphic to T and act regularly on Ω. One minimal normal subgroup is T in its action on itself by right multiplication and the other is T acting on itself by left multiplication. Thus the socle, soc(G), of G is T × T = T. Inn(T ) and acts on Ω by
All groups of this type are primitive.
The third type of quasiprimitive group HC also consists only of primitive groups. These groups are similar to those of type HS, but here G Hol(T k ) for k ≥ 2. The action on Ω = T k is again the holomorph action and G has two minimal normal subgroups, both regular and isomorphic to T k . Now Inn(T k ) G 1 Aut(T k ) and we require that G 1 acts transitively on the k simple direct factors of T k . The groups of types HS and HC are the only quasiprimitive groups with two minimal normal subgroups. All the rest have only one.
We now define a twisted wreath product by following the description in [28, p. 269] . Let T be a finite nonabelian simple group, P a group with a proper subgroup Q and let φ : Q → T be a homomorphism. We define the complete base group B to be the set of maps f : P → T under pointwise multiplication and so B ∼ = T |P | . The group P acts on B by
We define X to be the semidirect product B : P with respect to this action. Define the φ-base group
This group is isomorphic to T k , where k = |P : Q|. Also B φ is normalised by P , and so B φ and P generate the subgroup X φ = B φ : P of X which we call the twisted wreath product T twr φ P of T by P with respect to φ. The action of X φ on its base group is quasiprimitive if and only if φ −1 (Inn(T )) is a core free subgroup of P (see [23] ). Such groups are said to be of quasiprimitive type TW and are the only quasiprimitive groups with a unique minimal normal subgroup isomorphic to T k for k ≥ 2 which acts regularly. The action is primitive if and only if φ does not extend to a larger subgroup of P and Inn(T ) φ(Q) (see [21] ).
The next type of quasiprimitive group is AS, and these are all the almost simple groups with transitive socle T , that is T G Aut(T ). We are not given any further information about the action in this case, and in particular it is possible for T to act regularly on Ω. The group G is primitive if and only if a point stabiliser is a maximal subgroup of G not containing T .
Next we describe quasiprimitive groups of type SD. Let N = T k for k ≥ 2. A full diagonal subgroup of N is a subgroup isomorphic to T whose projection onto every coordinate is also isomorphic to T . We let N act on the set Ω of right cosets of the full diagonal subgroup N α = {(t, . . . , t) : t ∈ T }. Then the set {[t 1 , . . . , t k−1 , 1] : t i ∈ T } forms a set of coset representatives for N α in N and so we may identify Ω with T k−1 . The action of N is then given by
Note that the permutations induced by Inn(T ) are precisely those induced by N α . Also, for each σ ∈ S k , if we let t k = 1, the permutation
, where the extension of T k by Out(T ) × S k is not necessarily a split extension. A quasiprimitive group of type SD is a group G such that N G W and G acts transitively by conjugation on the set of simple direct factors of N , that is, N is the unique minimal normal subgroup of G. Such groups are primitive if and only if G acts primitively on the k simple direct factors of N . We note that, in the k = 2 case, if N G < W and G does not act transitively by conjugation on the two simple direct factors of N , then N is the product of two minimal normal subgroups of G and G is primitive of type HS.
Quasiprimitive groups of type CD are built from quasiprimitive groups of type SD. Let H be a quasiprimitive group of type SD on the set ∆ with a unique minimal normal subgroup T l . For a positive integer k divisible by l, if G satisfies N = T k G H wr S k/l , then G acts on the set Ω = ∆ k/l with the product action of the wreath product, namely, for (
This action is quasiprimitive if and only if G acts transitively by conjugation on the set of simple direct factors of N . Then N is the unique minimal normal subgroup of G. The action is primitive if H is primitive. We note here that groups of type HC can be built up in the same way from groups of type HS. The last type of quasiprimitive group is PA. A group G of this type preserves some partition P (possibly trivial in the sense of having parts of size 1) of Ω upon which G acts faithfully preserving a product structure ∆ k . Furthermore,
H wr S k , where H acts quasiprimitively on ∆ of type AS with nonregular socle T and G acts transitively by conjugation on the set of simple direct factors of N . Let δ ∈ ∆ and B = (δ, . . . , δ) ∈ P. Then N B = T k δ and for ω ∈ B, the point stabiliser N ω is a subdirect subgroup of N B , that is, N ω projects onto T δ in every coordinate. The action of G is primitive if and only if P is trivial and the action of H on ∆ is primitive.
General graph constructions
In this section we provide three methods for constructing G-edge transitive graphs. The constructions in Sections 3.1 and 3.3 enable us to build a locally (G, s)-arc transitive graph from a given (G, s)-arc transitive graph. Section 3.2 shows how to construct arbitrary locally (G, s)-arc transitive, G-vertex intransitive graphs as coset graphs. The construction in Section 3.3 characterises locally (G, s)-arc transitive graphs with a vertex of valency two.
We use the following conventions for graphs. A digraph Γ consists of a vertex set V Γ and a subset AΓ of (V Γ × V Γ)\{(v, v) : v ∈ V Γ} called arcs. If AΓ is self-paired in the sense that (x, y) ∈ AΓ if and only if (y, x) ∈ AΓ, then we say that Γ is self-paired. In this case we usually replace every pair of arcs between two vertices with a single undirected edge to form an undirected graph. The edge set is denoted EΓ. If G Aut(Γ) is edge transitive on Γ with two vertex orbits ∆ 1 and ∆ 2 , then all vertices in the same orbit ∆ i have the same valency k i say, and we say that Γ is biregular of valency {k 1 
Let G be a transitive permutation group on the set V and let O be a nontrivial
We define the orbital digraph Γ for G with respect to O to be the directed graph with vertex set V and arc set O. This graph is G-vertex transitive and G-arc transitive. Conversely, every G-vertex transitive and G-arc transitive graph can be constructed in this way. If O is self-paired, then the corresponding undirected graph is called an orbital graph.
We note the following elementary lemmas. The proof of the first can be found, for example, in [2] . Proof. Let Γ be locally (G, 2)-arc transitive with all vertices having valency at least two and let v ∈ V Γ. By Lemma 3.1, G acts transitively on the set of edges of Γ and so G v acts transitively on Γ(v). Let u ∈ Γ(v). Then for every w ∈ Γ(v)\{u} there is a 2-arc (u, v, w). As Γ is locally (G, 2)-arc transitive, it follows that G uv acts transitively on Γ(v)\{u} and so G v acts 2-transitively on Γ(v).
Conversely, suppose that for every vertex v, G v acts 2-transitively on Γ(v). Let (v, u 1 , w 1 ) and (v, u 2 , w 2 ) be two 2-arcs in Γ. Then as G v acts transitively on Γ(v), , i) ). Thus in this case, if Γ is G-locally primitive, Γ is also G-locally primitive.
Suppose again that Γ is undirected. Then (x, 1) ∼ (y, 2) if and only if (y, 1) ∼ (x, 2). If Γ is also connected, then for each x, y ∈ V Γ there exists a path P in Γ between x and y. This path lifts to a path in Γ between (x, 1) and (y, 1) if P has even length, and to one between (x, 1) and (y, 2) if P has odd length. There is a path between (y, 1) and (y, 2) if and only if y is in an odd cycle in Γ. Thus for an undirected connected graph Γ, Γ is connected if and only if Γ contains an odd cycle, that is, if and only if Γ is not bipartite.
Since there are nonbipartite, (G, 2)-arc transitive graphs with G quasiprimitive of each of the types HA, TW, AS and PA (see [24] ), we can construct locally (G, 2)-arc transitive graphs with G of types HA, TW, AS and PA on both of its orbits by taking their standard double covers. Note that these graphs are Aut(Γ)-vertex transitive, as the map τ : (x, i) → (x, 3 − i) is an automorphism interchanging the two halves of the bipartition. We summarise this discussion in the following lemma.
Lemma 3.3. Let Γ be an undirected graph. Then
(1) Γ is connected if and only if Γ is connected and not bipartite. Note that when Γ is directed, paths and s-arcs in Γ no longer lift to paths and s-arcs in Γ. Now let Γ be a G-edge transitive, bipartite graph such that each vertex has valency at least two, and suppose that G has two orbits ∆ 1 and ∆ 2 on vertices and all vertex stabilisers are conjugate. Then the two actions of G are permutationally isomorphic and so there exists a bijection φ : Another condition for such a graph Γ to be Aut(Γ)-vertex transitive is given in [10, Lemma 2.5]. There are examples in [10] of locally (G, s)-arc transitive graphs for which all vertex stabilisers are conjugate in G, yet Aut(Γ) is not vertex transitive.
3.2. Coset graphs. Let Γ be a G-edge transitive graph with vertex set V Γ, where G Aut(Γ). Assume that G is not transitive on V Γ. Then by Lemma 3.1, Γ is a bipartite graph with parts ∆ 1 and ∆ 2 such that G is transitive on both ∆ 1 and ∆ 2 . Since G is transitive on ∆ 1 , for w ∈ ∆ 1 we may write ∆ 1 as the set [G :
Similarly, for w ∈ ∆ 2 , we may write ∆ 2 as the set [G : G w ] of right cosets of G w in G so that G acts transitively on ∆ 2 by right multiplication, that is,
Thus the vertices of Γ may be identified with right cosets of
Similarly, the neighbours of w may be identified with {G v z : z ∈ G w }. The adjacency relation of Γ is given by
Hence the vertex set and the adjacency relation of the graph Γ can be explicitly described in terms of cosets of the point stabilisers. Thus we have the following result.
Lemma 3.5. Let Γ be a bipartite G-edge transitive graph with parts ∆ 1 and ∆ 2 , where G Aut(Γ) and G is intransitive on V Γ. Let v ∈ ∆ 1 and w ∈ ∆ 2 be adjacent. Then we may identify
Conversely, we may construct edge transitive graphs from any given abstract group. Definition 3.6. Let G be a group, and let L, R < G be such that L ∩ R is core free in G. Let ∆ 1 = {Lx : x ∈ G} and ∆ 2 = {Ry : y ∈ G}. Define the bipartite graph
to be the graph with vertex set
We refer to (L, R, L ∩ R) as the associated amalgam.
We note that xy −1 ∈ LR if and only if Lx ∩ Ry = ∅, so the above definition of coset graphs coincides with Tits's construction of flag transitive incidence structures; see [7] . It is also related to Du and Xu's [9] construction of bi-coset graphs. The next simple lemma gives some properties of the graphs Cos(G, L, R). 
Conversely, if Γ is a G-edge transitive but not G-vertex transitive graph, and v and w are adjacent vertices, then
There is also a path in Γ from L to Rw:
Thus Γ is connected. Conversely, if Γ is connected, it is easily shown that G = L, R .
(2) Let ∆ 1 = {Lx : x ∈ G} and ∆ 2 = {Ry : y ∈ G}. For z ∈ G, letẑ be the
Thusẑ is an automorphism of Γ, and so there is a homomorphism φ : G → Aut(Γ) given by φ(z) =ẑ. The kernel of this homomorphism is trivial since L ∩ R is core free and hence G Aut(Γ). Clearly, no element of G maps L ∈ ∆ 1 to R ∈ ∆ 2 , and hence G is intransitive on V .
Write v and w to be the vertices corresponding to L and R, respectively. By definition, the set of neighbours of v equals {Rx : x ∈ L}. For any z ∈ L, Lẑ = Lz = L and Rẑ = Rz ∈ {Ry : y ∈ L} = Γ(v). When z runs through L, Rz runs through {Ry : y ∈ L}. Therefore, L is transitive on Γ(v). Similarly, R is transitive on Γ(w) = {Lx : x ∈ G} and so Γ is G-edge transitive.
(3) This follows as [25] and is related to our coset construction in the following way.
Proof. Let Σ be the standard double cover of Σ and define the map
Thus φ is a well-defined bijection. Suppose that (Lx, 1) ∼ (Ly, 2) in Σ. Then (Lx, Ly) is an arc in Σ and so yx −1 ∈ LgL. Hence xy Proof. Let v be a vertex of valency one in Γ and suppose that Γ contains a cycle. Then as Γ is connected, there exists a shortest path {w 0 = v, w 1 , . . . , w t } such that w t is contained in a cycle C. Since v has valency one, we have t ≥ 1 and none of the vertices w 0 , w 1 , . . . , w t−1 lies on a cycle. There is an s-arc that starts with the arc (w t−1 , w t ) and then proceeds to loop around C finishing at a vertex u ∈ C. Let β be the reverse of this s-arc running from u to w t−1 . Let α be the s-arc that agrees with β in its first s vertices but ends in a vertex of C adjacent to w t . As w t−1 ∈ β and is not contained in a cycle while all vertices in α belong to C, there is no element of G u mapping α to β. This contradicts Γ being locally (G, s)-arc transitive and so Γ is a tree.
Let Γ be a (G, s)-arc transitive graph with valency k ≥ 2. We follow [2] and form a new graph Γ * by placing a vertex at the midpoint of each edge of Γ. Then G Aut(Γ * ) and has two orbits on vertices: the set ∆ 1 of vertices of Γ and the set ∆ 2 of midpoints of edges of Γ. All vertices in ∆ 1 have valency k while those in ∆ 2 have valency two. If Γ is a cycle, then the new graph Γ * is also a cycle. We will show in Theorem 3.10 that Γ * is locally (G, 2s − 1)-arc transitive. In fact every locally (G, 2s − 1)-arc transitive graph with a vertex of valency two can be constructed in this way. First we need a definition. Given a connected graph Γ, the distance two graph of Γ is the graph with vertex set V Γ such that two vertices are adjacent if and only if they are at distance two in Γ. Note that if Γ is bipartite, then the distance two graph of Γ has two connected components. Also Γ is the connected component of the distance two graph of Γ * with vertex set ∆ 1 . (v 0 , v 1 , . . . , v s ) is an s-arc in Σ. As G v0 acts transitively on the set of s-arcs in Σ starting at v 0 , it also acts transitively on the set of (2s − 1)-arcs in Σ * emanating from v 0 . Thus to show that Σ * is locally (G, 2s − 1)-arc transitive it remains to show that for all p 0 ∈ ∆ 2 , G p0 acts transitively on the set of (2s − 1)-arcs starting at p 0 . Given two such (2s − 1)-arcs α = (p 0 , v 1 , p 1 , . . . , p s−1 , v s ) and α = (p 0 , v 1 , p 1 
Thus G p0 acts transitively on the set of (2s − 1)-arcs starting at p 0 , so Σ * is locally (G, 2s − 1)-arc transitive. The last assertion of (b) follows from the discussion immediately preceding the statement of the theorem. We now aim to give an upper bound for s when Γ has a vertex of valency two and a vertex of valency at least three. 2 ≤ 7 and so s ≤ 13. Moreover, examples of (G, 7)-arc transitive graphs of valency at least three are well known (see [19] ), and so by Corollary 3.11 locally (G, 13)-arc transitive graphs exist.
Examples
We now prove our assertions about the existence of locally (G, s)-arc transitive graphs with s ≥ 2 for certain quasiprimitive types. We have already seen in Lemma 3.3 that there are examples of locally (G, s)-arc transitive graphs with s ≥ 2 such that G is quasiprimitive on both orbits of type HA, TW, AS or PA. Many more examples where G is of type AS on both orbits can be found in [6, page 98] . From Theorem 1.2 the only remaining possible type when G is quasiprimitive on both orbits is {SD, PA}, and the following example shows that such graphs do occur. 
f ≥ 4. Now T has a 2-transitive representation of degree q + 1 and if H is the stabiliser of a point in this representation, then
Let G = T wr S 2 and consider the graph Γ = Cos (G, G v , G w ) , where
is primitive of type SD while the action of
is then equivalent to the 2-transitive representation of T of degree q + 1. The set {(l, 1) : l ∈ L} is a set of coset representatives for Let v be the vertex in ∆ 1 corresponding to the coset G v and let w be the vertex of ∆ 2 corresponding to the coset G w . Let w ∈ Γ(v)\{w}. Then
which still acts transitively on Γ(w)\{v}. Also, given u ∈ Γ(w)\{v},
is still transitive on Γ(v)\{w}. Hence Γ is locally (G, 3)-arc transitive.
We now look at graphs where G acts quasiprimitively on ∆ 1 but not quasiprimitively on ∆ 2 . First we provide a family of examples for which G acts primitively of type HA on ∆ 1 .
Example 4.2. HA stars: a family of locally 3-arc transitive graphs of valency {q,
Define Γ to be the bipartite graph whose vertices are all the points and lines of the affine space AG(d, q) and with adjacency given by incidence. , q) . Then G is a group of automorphisms of Γ with two orbits on the vertex set: the set ∆ 1 of points and the set ∆ 2 of lines. Given a point p, G p acts 2-transitively on the set of lines through p while for any line l, G l acts 2-transitively on the points of l. Thus Γ is locally (G, 2)-arc transitive and is biregular of valency {q,
In fact, it is not hard to show that Γ is locally (G, 3)-arc transitive. Now let N be the group of translations of G. Then N acts transitively on the set of points of AG(d, q) but has (q d − 1)/(q − 1) orbits on the set of lines. Each of these orbits is a set of parallel lines which partitions the set of points. Thus each point is incident to a unique line in each N -orbit and of course each line in an N -orbit is incident with q points. Hence Γ N is the star K 1,(q d −1)/(q−1) . As N always has at least three orbits on ∆ 2 , it follows from Lemma 5.6, which we will prove in the next section, that Γ is never locally (G, 4)-arc transitive.
If we take k-dimensional affine subspaces, where 1 < k < d − 1, instead of affine lines we get a G-locally primitive graph which is not locally (G, 2)-arc transitive. Its quotient graph modulo N is again a star and its central vertex has valency
The following family shows that examples also exist where G is primitive of type PA on ∆ 1 . Note that for each k ≥ 2 our last example provides us with a locally (G, 3)-arc transitive graph Γ such that G has a normal subgroup N with k orbits on ∆ 2 and Γ N = K 1,k . Hence we have proved the following. All examples where G acts quasiprimitively of type HS on ∆ 1 , yet has a normal subgroup which is intransitive on ∆ 2 , will be determined in [12] . All such graphs are also of {SD, PA} type. There are also examples for which G is almost simple. 
Example 4.3. PA stars: a family of locally 3-arc transitive graphs of valency {k, n} with amalgam
Let G = PΓL (3, 4) which is an almost simple group with socle T = PSL (3, 4) . Let φ be a field automorphism of T and consider Further examples of locally (G, 3)-arc transitive graphs where G is quasiprimitive of type AS on ∆ 1 but has a normal subgroup which is intransitive on ∆ 2 can be found in [13] . Finally we provide an example where G is quasiprimitive of type TW on ∆ 1 , so all types listed in Theorem 1.3 occur. . Let T = A 5 , P = A 6 , Q = A 5 < P , the stabiliser of the point 6 in the natural action and φ : Q → Inn(T ). Then G = T twr φ P has a normal subgroup N ∼ = T 6 and the action of G on the set of cosets of L = P is primitive of type TW. Let {z 1 , . . . , z 5 , z 6 = 1} be a transversal for Q in P and for each i = 1, . . . , 6, using the notation introduced in Section 2, let T i = {f ∈ N : f (z j ) = 1 for all j = i}. Then each T i is isomorphic to T and P acts on the set {T 1 , . . . , T 6 } such that Q is the stabiliser of T 6 . The subgroup Q also normalises 
Normal quotients
In this section we investigate the normal quotients of a G-edge transitive bipartite graph Γ and in particular we prove Theorem 1.1. We begin by showing that taking quotients with respect to the orbits of a normal subgroup which is intransitive on both G-orbits, preserves local primitivity and local s-arc transitivity. Let (B, B 1 , . . . , B s ) and (B, C 1 , . . . , C s ) be s-arcs in Γ N . Choose v ∈ B. Then there exist unique v i ∈ B i and u i ∈ C i such that (v, v 1 , . . . , v s ) and (v, u 1 , . . . , u s ) are s-arcs in Γ. If Γ is locally (G, s)-arc transitive, then there exists g ∈ G v mapping one to the other. As the orbits of N form a system of imprimitivity for  G, it follows that g ∈ G B and maps the s-arc (B, B 1 , . . . , B s ) to (B, C 1 , . . . , C s ) . Thus Γ N is locally (G/N, s) -arc transitive.
Note that if N is maximal in G subject to being intransitive on both orbits ∆ 1 and ∆ 2 , then each normal subgroup of G containing N is transitive on at least one G-orbit.
We now consider the question of faithfulness.
Lemma 5.2. Let Γ be a connected G-locally primitive bipartite graph with G-orbits ∆ 1 and ∆ 2 on V Γ of sizes n and n , respectively. Then either Γ ∼ = K n,n or G is faithful on both ∆ 1 and ∆ 2 .
Proof. If either of n or n is 1, then Γ = K n,n so assume that both n and n are at least 2. Let K 1 and K 2 be the kernels of G on ∆ 1 and ∆ 2 , respectively. Since G acts faithfully on V Γ, we know that
Suppose that K 1 = 1 and note that K 1 acts faithfully on ∆ 2 . Let B be a nontrivial orbit of K 1 on ∆ 2 and u a vertex in B. Let v be a vertex in ∆ 1 adjacent to u. Since K 1 fixes v, it follows that v is adjacent to every vertex in B. Furthermore, as K 1 G v , the orbits of K 1 on Γ(v) are blocks of imprimitivity for the action of G v . Then as Γ is G-locally primitive, Γ(v) = B. As this holds for every v adjacent to a vertex of B, it follows from the connectedness of Γ that Γ ∼ = K n,n . The same holds if K 2 = 1.
Note that if either n or n is at least three and neither is equal to one, then K n,n is locally 3-arc transitive but not locally 4-arc transitive as there are 4-arcs (v 0 , v 1 , v 2 , v 3 , v 4 ) for which v 4 = v 0 and some for which v 4 = v 0 . The graph K 2,2 is a cycle of length four and is locally (G, s)-arc transitive for all s ≥ 1 with G = S 2 × S 2 . On the other hand, the graphs K 1,n for n ≥ 2 are only locally 2-arc transitive as they do not contain any 3-arcs.
We prove the following lemma regarding edge transitive graphs with a vertex of valency one. Proof. Let ∆ 1 and ∆ 2 be the G-orbits on V Γ. Without loss of generality we may suppose that u ∈ ∆ 1 . Since u is joined by an edge to only one vertex of ∆ 2 and Γ is connected, Γ is a star K 1,k . If G is faithful on ∆ 2 , then G = 1 and hence
Now assuming that G acts faithfully on both of its orbits we investigate the case where every nontrivial normal subgroup of G is transitive on at least one G-orbit. Proof. Suppose that G is not quasiprimitive on either of the ∆ i . Then for each i ∈ {1, 2} there exists N i G such that N i is intransitive on ∆ i and transitive on ∆ 3−i . Now N 1 ∩ N 2 G and so if nontrivial would be transitive on at least one ∆ i . But then N 1 and N 2 would both be transitive on the same set, a contradiction.
As each N i is transitive on ∆ 3−i , it follows that C Sym(∆3−i) (N i ) is semiregular. Thus each N i is semiregular on ∆ i and transitive on ∆ 3−i . Therefore contradicting N 1 being intransitive on ∆ 1 . Thus G must be quasiprimitive on at least one of the ∆ i .
Note that this is the only lemma necessary for the proof of Theorem 1.1 whose proof does not extend to the case of infinite locally s-arc transitive graphs.
We now analyse the structure of Γ in the case where G has a normal subgroup which is transitive on one G-orbit yet intransitive on the other. A proof of Lemma 5.5 will complete the proof of Theorem 1.1. Finally, in this section we state a lemma from [17] and give a short proof. 
Quasiprimitive on both orbits
In this section we analyse the case where G acts faithfully and quasiprimitively on both of its orbits. In particular we prove Theorem 1.2.
We say that Γ is G-locally quasiprimitive if G
is a quasiprimitive permutation group for every vertex v. We begin with two very useful lemmas. 
is a quasiprimitive permutation group, N u acts transitively on Γ(u). Since G is quasiprimitive and faithful on ∆ 2 , N is transitive on ∆ 2 and so for all w ∈ ∆ 2 , N w acts transitively on Γ(w). This implies that N is transitive on the set of edges of Γ. Thus N v acts transitively on Γ(v) which contradicts N v = 1 as v has at least two neighbours. We are now in a position to determine the possible quasiprimitive types for G. 
Proof. Note that
So if G is of type HA, AS, HS or HC on one of the G-orbits, then it must have the same type on the other G-orbit, as such types are determined by the abstract structure and number of minimal normal subgroups of G.
If G is of type TW on one G-orbit, then G has a unique minimal normal subgroup N isomorphic to T k for some finite nonabelian simple group T and N is regular on that orbit. Lemma 6.1 implies that N also acts regularly on the other Gorbit and so G must be of type TW on both orbits. Thus we may assume that {X, Y } ⊆ {SD, CD, PA}, and so the only thing that remains to be proved is that {X, Y } = {SD, CD}.
Suppose to the contrary that G is of type {SD, CD} and without loss of generality assume that G is quasiprimitive of type SD on ∆ 1 and quasiprimitive of type CD on ∆ 2 . Let N be the unique minimal normal subgroup of G. Then N ∼ = T k for some finite nonabelian simple group T . Since G acts faithfully on ∆ 1 , we may assume that 
Hence Γ cannot be of type {SD, CD}.
In the locally (G, s)-arc transitive case we can prove even more. Proof. Suppose such a graph Γ exists, and that G is of type HC or CD on ∆ 1 . Then
k for some finite nonabelian simple group T and k ≥ 2. Let v ∈ ∆ 1 . Then there exists an integer l ≥ 2 dividing k such that without loss of generality, Proof. Suppose that such a graph Γ does exist. Let X be the socle of G. Then X ∼ = T k for some finite nonabelian simple group T and k ≥ 2. We can identify ∆ 1 and ∆ 2 with the elements of T k−1 such that the action of X on T k−1 is given by
and so is isomorphic to T . Furthermore, since G v acts 2-transitively on Γ(v), a theorem of Burnside (see [3, Theorem 4.3] ) implies that the action of X v on Γ(v) is primitive.
Let 
is primitive of type CD. The group G also acts on the set of right cosets of G w = A 4 n−1 : (S 2 wr S 2 ) with a primitive action of type PA. Consider the graph Γ = Cos (G, G v , G w ) . Here G acts primitively on its two orbits on vertices with type {CD, PA}. Now
which is a maximal subgroup of both G v and G w . Actually G v is primitive on Γ(v) of type PA, and G w is primitive on Γ(w) of type CD. Thus Γ is a G-locally primitive connected graph which is biregular of valency {n 2 , |A n−1 | 2 }. (2) (Type HS and SD of valency |T : C T (σ)|) Let T be a finite nonabelian simple group with automorphism σ such that C T (σ) is a maximal subgroup of T . For example, T = A n and σ is the automorphism induced by conjugation by (1, 2) .
} which is a maximal subgroup of both G v and G w . Hence Γ is G-locally primitive with G of type HS and of valency |T : C T (σ)|.
Suppose that σ has order two and let G = G : S 2 . Then G Aut(Γ) and acts primitively on both ∆ 1 and ∆ 2 with type SD. Furthermore, Γ is also G-locally primitive.
(3) (Type HC and CD of valency |T : C T (σ)| 2 ) Take T to be a finite nonabelian simple group with an automorphism σ of order two such that C T (σ) is a maximal subgroup of T . Let G = (T 2 × T 2 ) : S 2 where S 2 is generated by the element (1, 2)(3, 4) . Then G has two minimal normal subgroups each isomorphic to T 2 . In addition, let
Consider the graph Γ = Cos(G, G v , G w ). Then as G v , G w = G, Γ is connected and the actions of G on ∆ 1 and ∆ 2 are quasiprimitive of type HC. Now
which is a maximal subgroup of both G v and G w . In fact G v and G w are both primitive permutation groups of type PA. Thus Γ is a G-locally primitive graph of valency |T :
, where S 2 wr S 2 preserves the partition {{1, 3}, {2, 4}}, we see that G Aut(Γ). Also G acts quasiprimitively of type CD on both ∆ 1 and ∆ 2 . Furthermore, Γ is G-locally primitive.
Quasiprimitive on only one orbit
In this section we prove Theorem 1.3. We begin with the following lemma. We can now prove Theorem 1.3.
Proof. Let Γ be a locally (G, s)-arc transitive connected graph with s ≥ 2 such that G acts faithfully on its two orbits ∆ 1 and ∆ 2 but quasiprimitively on only ∆ 1 . Suppose first that G is quasiprimitive of type HC, SD or CD. Let X = soc(G). Then for v ∈ ∆ 1 , X v is a subdirect subgroup of X, so X v ∼ = T r for some r ≥ 1.
Suppose that X {(t, t, t, s, s, s) : t, s ∈ T } : (( (2, 3) × (2, 3) ) : S 2 ) which is a maximal subgroup of G v and G w . Thus Γ is G-locally primitive and biregular of valency {9, |T | 2 }. Now G does not act quasiprimitively on ∆ 2 as N has nine orbits, so Γ N is the star K 1,9 .
Some open problems
The work of this paper directs our attention to studying the "basic" locally (G, s)-arc transitive graphs with s ≥ 2, that is, upon the following two problems. Problem 8.1. Further analyse the structure and properties of locally (G, s)-arc transitive graphs, for which G acts faithfully and quasiprimitively on both orbits of G on vertices.
Problem 8.2.
Further analyse the structure and properties of locally (G, s)-arc transitive graphs, for which G acts faithfully on both orbits ∆ 1 and ∆ 2 on vertices, but G acts quasiprimitively only on ∆ 1 .
For some of the quasiprimitive types given in the first problem it would seem feasible to determine, or at least provide a nice characterisation of, such graphs. The {SD, PA} case is currently being considered by the authors. In the case where G acts quasiprimitively of type PA on both orbits, the only known examples are the standard double covers of (G, s)-arc transitive graphs as given in Lemma 3.3. It would be interesting to find examples of PA type which did not arise in this way.
The second problem has been looked at in [12] where a nice characterisation of such graphs has been found which enables the vertices of ∆ 2 to be represented by certain subsets of ∆ 1 . In the case where G is quasiprimitive of type HA, HS or TW on ∆ 1 , we can identify ∆ 1 with a minimal normal subgroup N of G and the problem is reduced to finding certain collections of p-subgroups of N .
The paper [10] determines all locally (G, s)-arc transitive graphs where G is a Ree simple group acting quasiprimitively on both of its orbits. Three new infinite families of examples are constructed. Given a locally (G, s)-arc transitive graph Γ it would be interesting to determine the full automorphism group. This leads us to the following question. Clearly Γ has to be regular, and so determining when Γ is regular would be a good first step. In Section 3 we discussed some sufficient conditions when all vertex stabilisers were conjugate in G. A regular graph which is edge transitive but not vertex transitive is called semisymmetric. Such graphs have been studied extensively; see for example [9] , [11] and [15] . The smallest number of vertices for a semisymmetric graph is 80, see [8] , and there are two such graphs, one of which is a generalised 4-gon and hence locally 5-arc transitive.
In [31] , Weiss conjectured that for a G-vertex transitive, G-locally primitive graph of valency k, the order |G v | of a vertex stabiliser is bounded above by a function of k. For the nonbipartite case, it was proved in [4] that the conjecture holds if and only if it holds in the case where G is an almost simple group. In [20] it was conjectured that the same result holds for the more general class of G-vertex transitive G-locally quasiprimitive graphs. It was mentioned in [31] that the case where Γ is not G-vertex transitive should also be investigated. As currently stated the conjecture does not hold even for locally 3-arc transitive graphs. Vertices in a G-locally primitive graph have valency k 1 if they lie in ∆ 1 and k 2 if they lie in ∆ 2 with k 1 and k 2 not necessarily equal. There are infinite families of graphs for which k 2 is constant while k 1 , and hence |G v | for some vertex v of valency k 2 , are unbounded. For example, the graphs in Example 4.2 constructed from the points and lines of AG(d, q) for a fixed q and unbounded d. With this in mind we make the following conjecture. 
